Abstract. A second axially-symmetric initial-boundary value problem of linear homogeneous isotropic micropolar elastodynamics in which the displacement and rotation take the forms
1. Introduction. It was shown in [7, p. 212 ] (cf. also [16, p. 511] and [11] ) that a mixed initial-boundary value problem of classical linear elastodynamics can be characterized in terms of stresses only. Such a characterization was extended to micropolar elastodynamics in cartesian coordinates by Ignaczak [12] . Closely related to the subject are the pure stress field equations presented by Iesan [9] and Olesiak [18] .
In the present paper we describe a pure stress initial-boundary value problem of micropolar elastodynamics in cylindrical coordinates that corresponds to the second axially-symmetric problem of the theory. Also, we use the pure stress formulation to present a singular solution of micropolar elastodynamics for an infinite space.
2. Basic equations of micropolar elastodynamics for the second axisymmetric problem. A general linear theory of Cosserat continuum was proposed, among others, in [1] , [6] and [17] . In the present paper a particular continuum of Cosserat type, a so-called micropolar elastic body, is discussed (cf. [16, p. 709] ). For such a body an elastic process may be described by two independent vector fields: the displacement vector u and the rotation vector ϕ (cf. [17, p. 10 ] ). In a cylindrical system of coordinates (r, θ, z), and for the second axially-symmetric problem, these two vector fields depend on the space variables r and z, and on time t only, and they take the particular form (2.1) u = (0, u θ , 0), ϕ = (ϕ r , 0, ϕ z ) in Ω × (0, ∞), where ϕ r , u θ and ϕ z depend on (r, z, t) only. In (2.1) , Ω is a domain in E 3 occupied by the body and (0, ∞) is the time interval. It is assumed that the body is homogeneous and isotropic. Therefore, it can be identified with a function Ω = Ω(µ, α, β, γ, ε, ̺, J), where µ, α, β, γ, ε, ̺ and J are material constants. In the following Ω = Ω ∪ ∂Ω, where ∂Ω is a smooth boundary of Ω. Also, for a differentiable function f = f (r, z, t) we introduce the notations: ∂ r f = ∂f /∂r, ∂ z f = ∂f /∂z, andḟ = ∂f /∂t. We write
The vector (n r , n z ) is the outward unit vector normal to the boundary ∂Ω. Definition 1. A pair (u, ϕ) of the form (2.1) corresponds to a solution of the second axisymmetric initial-boundary value problem of homogeneous isotropic micropolar elastodynamics if the pair satisfies the following field equations in Ω × (0, ∞), initial conditions in Ω, and boundary conditions on ∂Ω × (0, ∞) (cf. [17, p. 16] , [3] , [5, p. 150] ):
• The equations of motion:
Here ̺ is the density, J is the microdensity of the medium, (0, X θ , 0) is the body force vector and (Y r , 0, Y z ) is the body moment vector. The parentheses (. . .) and brackets [. . .] denote the symmetric and antisymmetric parts of a tensor, respectively. σ ∼ and µ ∼ are the force and couple stress tensor fields, respectively. In matrix form these two tensor take the form
• The compatibility equations:
Here γ ∼ and κ ∼ are the strain and microstrain tensor fields respectively, and
• The constitutive relations:
(2.6)
where κ = κ rr + κ θθ + κ zz , and µ, α, β, γ, ε, ∈ R + are material constants.
• The kinematic relations:
• The initial-boundary conditions:
where h r , h z , h θ , l r , l z , l θ : Ω → R are given functions; (2.10)
where the functions m r , p θ , m z :
Clearly, the problem described by (2.2)-(2.12) is a mixed problem due to the mixed boundary conditions (2.10)-(2.11). Note that one way of obtaining a triplet (ϕ r , u θ , ϕ z ) from a pair (γ
is by integrating (2.7) with respect to r and z. As a result we get (2.13)
where (r 0 , z 0 ) is a fixed point of Ω, and the functions C 1 (r, t) and C 2 (r, t) are determined from the compatibility equations (2.4). In Section 4 we offer an alternative method of recovering (ϕ r , u θ , ϕ z ) from (γ .7) we arrive at the equations of motion in terms of displacements and rotations:
where
and ∂ 2 t f =f . Definition 3. An array of functions
12) is called an elastic process (or elastodynamic state; cf. [14] ) of micropolar elastodynamics corresponding to the second axisymmetric problem of the theory.
Clearly, such a process may be characterized in terms of a pair (u, ϕ) only if suitable displacement-rotation initial-boundary conditions consistent with (2.8)-(2.12) are associated with the field equations (3.1).
4. Stress equations of motion for the second axisymmetric problem of micropolar elastodynamics
12) we refer to a traction problem.
By eliminating u and ϕ from (2.2) and (2.7) we obtain (4.1)
where κ = 1 2γ+3β
(µ rr + µ θθ + µ zz ). Next, substituting (4.2) into (4.1) and separating the equations we obtain
(μ rr +μ θθ +μ zz ). These equations constitute the stress equations of motion for the problem under consideration. The initial conditions for a pair (σ ∼ , µ ∼ ) that satisfies (4.3) are implied by the initial conditions (2.8) and (2.9), constitutive relations (2.6) and kinematic relations (2.7): 
where * stands for the convolution product on the t-axis (Mikusiński [15] ):
P r o o f. We integrate the equations of motion (2.2) twice with respect to time and take into account the initial conditions (2.8) and (2.9) to obtain (4.7) in Ω × [0, ∞). To show that (4.7) implies (2.2), (2.8) and (2.9) we proceed in a way similar to that of [12] .
Definition 5 (Stress Equations of Motion Problem-SEMP). By the stress equations of motion problem associated with the second problem of axisymmetric micropolar elastodynamics we mean the initial-boundary value problem in which the field equations (4.3) are satisfied together with the initial conditions
the boundary conditions (2.10) on ∂Ω σ ×[0, ∞), and the boundary conditions (4.9)
Theorem 1 (Characterization of the traction problem in terms of stress). Let the system of functions (u, ϕ, σ 
Then the fields σ 
are satisfied.
P r o o f. Necessity. This follows from the fact that (2.2) and (2.6)-(2.10) imply the field equations (4.3), the traction boundary conditions (4.10) as well as the initial conditions (4.8).
Sufficiency. Assume that the stress fields σ To complete this section, note that by integrating the stress equations of motion (4.3) twice with respect to time over the interval [0, t], and taking into account the initial conditions, we arrive at the alternative form of stress equations of motion (4.11)
The system (4.11) incorporates the initial conditions (4.8) explicitly in the field equations; it is a system of integro-differential equations. 
2 , and the couple stress equations
t . In addition, the following equations are obtained:
Applying an integration method based on the double Fourier integral transform (with respect to the position variable z and time t) and the Hankel integral transform (with respect to the position variable r) (Sneddon [19, pp. 27 and 298]) to equations (5.1)-(5.5), and using [8] we obtain the closedform results.
The force stress components σ θz and σ zθ are given by
The couple stress components µ zz , µ rz and µ zr are given by (5.7)
To obtain the components σ rθ , σ θr , µ rr and µ θθ we integrate (5.4), (5.5) and the following equations (cf. (4.3)):
we obtain the formulas for the triplet (ϕ r , u θ , ϕ z ):
(5.14)
, where A(t) = A 0 e −iωt . It can easily be verified that the stress fields (5.6), (5.7), (5.9) and (5.10) as well as the displacement-rotation fields (5.14) tend to zero as R → ∞. Furthermore, upon taking into account (5.1), (5.6), (5.7), (5.9), (5.10) and (5.14) and the relation
we verify that the equations of motion (2.2) are identically satisfied.
6. Final remarks. (i) In a SEMP described by (4.11) and (4.10) one does not have to bother with the compatibility equations (cf. (2.4)) as these are implied by (4.11) .
(ii) In a SEMP the number N of field equations (cf. (4.11)) is the same as the number of components of the strain state or the number of independent components of the stress state, or the number of equations of motion and compatibility equations taken together. In the problem considered, N = 9. This result is pertinent to plane, axisymmetric and three-dimensional problems (one tensor equation corresponds to number 9) (see [5, p. 87 
]).
(iii) A SEMP for arbitrary initial stress fields and stress velocities also makes sense, although such a problem generally is not associated with linear micropolar elastodynamics (see [4] ). In this case the compatibility conditions are not satisfied at t = 0.
(iv) In coupled micropolar thermoelasticity an initial-boundary value problem in terms of a triplet (σ , T ), similarly to the isothermal theory. A SEMP with the temperature field T corresponding to the displacement vector u ≡ (u r , 0, u z ) and rotation vector ϕ ≡ (0, ϕ θ , 0) will be discussed in another paper (see [4] ).
(v) The formulas (2.13) and (4.7) lead to the same triplet (ϕ r , u θ , ϕ z ) (see (5.14) 
